Real-world dynamics running on networks can be characterized in terms of their respective diversity, or heterogeneity of state values. Spatial networks can be understood as networks exhibiting limited small world characteristics. In the present work we argue that network spatiality can enhance the diversity of respectively unfolding dynamics. This also means that the small world property tends to reduce diversity. We illustrate this conjecture by simulating one type of Sznajd dynamics at the transient regime on Watts-Strogatz networks with varying rewiring levels. The obtained results show a marked reduction of state diversity as spatiality is replaced by the small world property.
I. INTRODUCTION
Modeling and studying real-world complex systems corresponds to one of the central research subjects currently, which is accounted by the fact that most remaining scientific and technological problems have a predominantly complex nature (e.g. [1, 2] ). An issue of particular interest concerns how the topology of interconnections in such systems may influence or constrain different types of dynamics unfolding on the network nodes. For instance, we can model the world airport system as a complex network and understand the number of passengers at each airport at a given time t as corresponding to the dynamical state s i (t) of each respective node i. Then, it would be interesting to try relating s i (t) to measurements of the network topology such as the degree or betweenness centrality of nodes (e.g. [3] ). This type of investigation relating the topology and dynamics of complex systems has become one of the key issues in complex networks research, being applied to many distinct problems such as epidemic spreading [4, 5] , synchronization [6] , neuronal dinamics [7] [8] [9] , network exploration [10, 11] , routing of information [12] , to name but a few applications [13] [14] [15] . This kind of analysis allows dynamical properties of a given system to be predicted to some extent from the topological features of the respective interconnections, and vice versa.
A natural approach to relate the topology and dynamics in a complex system involves searching for relationships between measurements of these two aspects. For instance, one may be interested in finding how the degree of a network relates to the respective state of the nodes during a random walk dynamics (e.g. [16] [17] [18] ). While it is known [16] that, in non-directed networks, the activation of the nodes is fully correlated with the node degree, this correlation is typically lost in directed networks, with a few exceptions [17, 18] .
In several real-world systems, there is a particularly interesting dynamical property that has received relatively less attention, namely the diversity, variety or heterogeneity exhibited by the dynamical states associated to each of the network nodes. For instance, we could be interested in studying the variety of opinions of a given social group, e.g. by taking the entropy of these states, and then trying to relate this measurement with some topological properties of the respective network. This problem is particularly interesting because it underlies several important properties of real-world systems such as social networks (e.g. memes [19] ), ecology (e.g. number of species [20] ), biology (e.g. functional diversity in the brain [21] ), economy (e.g. number of competing companies [22] ), fake news (e.g. [23] ), transportation (e.g. passenger flow), among many other important systems.
The current work addresses the relationship between diversity and topology from the perspective of taking into account the spatiality of the network connections as a particularly important parameter influencing the diversity of the network dynamical states. In particular, we quantify the latter dynamical variable in terms of its entropy, while expressing the spatiality of the respective network in terms of statistical properties (e.g. average and standard deviation) of its shortest paths. We believe the above stated specific type of relationship between topology and dynamics is particularly important because spatiality, by implying longer shortest paths, acts as a kind of constraint to dissemination along time and space of information throughout the network. For example, the diffusion of opinions in the pre-internet era was much slower than nowadays because information was spread by using less interconnected communication systems. Because of this property, it could be expected that most systems presenting stronger spatiality would tend to exhibit a more diversified distribution of dynamical states at its nodes for at least two possible reasons: (i) the transient would take longer [24, 25] ; and (ii) less effective communication makes people less likely to be exposed to new ideas and eventually change their opinions.
In particular, we study these issues by considering the Watts-Strogatz network model, as this allows a continuous gradation of spatiality from highly spatial structures as the lattice up to uniformly random networks exhibitarXiv:1809.00729v1 [physics.soc-ph] 3 Sep 2018 ing scant spatiality. We also adopt the Sznajd model [26] as a representative approach to opinion formation. The reasons for this choice include the fact that this model is relatively simple, allows analytical treatment, reflects the influence of neighbors on the current opinion at each node, and allows good adherence to real data during the transient dynamics. Nevertheless, we postulate that many other types of dynamics will also be characterized by the increase of diversity with spatiality.
The article is organized as follows. In Section II we describe the relationship between spatiality and the average shortest path length of networks, as well as the Watts-Strogatz model, which can be used to systematically generate networks having distinct degrees of spatiality. In Section III we present the Sznajd dynamics. Section IV contains the results of the study and the conclusions are presented in Section V.
II. SPATIALITY AND SHORTEST PATHS
Many real-world networks have the so-called smallworld property, meaning that the typical shortest path length between any two nodes grows proportionally to the logarithm of the number of nodes in the network [13] . Here, an important distinction needs to be made regarding the shortest path length and the spatial (or metric) distance between two nodes. For unweighted networks, the calculation of the shortest path length does not depend on the spatial distance between the nodes. Nevertheless, in many real-world networks these two properties tend to influence each other. Such interplay between spatiality and topology is analyzed using spatial network models [27] .
In cases where the spatial position of the nodes bear strong influence on the connectivity, a node connects predominantly to other nearby nodes. We use the term high spatiality henceforth to refer to such cases. For networks having high spatiality, nodes have strong restrictions on the neighbors that they can connect to. We aim at investigating if such restrictions can influence diversity in a dynamics taking place on the network. In particular, we are interested in the hypothesis of diversity being proportional to spatiality.
The Watts-Strogatz (WS) network model [28] is a simple model capable of generating networks having a specific degree of spatiality. The procedure for generating a WS network starts with a regular ring lattice, in which each node has degree k. Then, each edge of the network is rewired with probability ρ. If an edge is to be rewired, each endpoint of the edge becomes associated to a new node that is randomly drawn with uniform probability, thus creating a shortcut in the network. Notice that, while the edges that have not been rewired can be said to have short spatial length, the shortcuts are not influenced by the spatial positions of the nodes. Thus, for 0 < ρ < 1 the network is composed of a mixture of spatial and non-spatial edges. For small ρ, a WS network has narrow degree distribution, large average shortest path length and large clustering coefficient. For ρ = 1, an Erdős-Rnyi network is generated, having small average shortest path length and null clustering coefficient. Here we consider a slight variation of the WS model that starts with a lattice graph.
III. THE SZNAJD DYNAMICS
The Sznajd dynamics is a simple opinion propagation model that has been used to describe many real-word situations [29] . Distinct versions of this dynamics have been defined in the literature. Here we adopt the complex network Sznajd model from [30] , which is defined as follows. Each node u in the network can have an opinion σ(t, u) ∈ {0, 1, ...N o } at time t, where 0 indicates that the node is undecided. At each time step (MCT), a node u is randomly selected with uniform probability. If node u is undecided, nothing happens. Otherwise, one of its neighbors, q, is randomly selected with uniform probability. The following rules are then applied:
1. If node q is undecided, then with probability 1/k u it adopts the opinion of node u.
2. If nodes u and q have the same opinion, each neighbor of u will adopt the same opinion with probability 1/k u . The same happens for neighbors of q, but with probability 1/k q .
3. If u and q have different opinions, nothing happens.
In the following, we consider N o = 2.
IV. RESULTS
In order to provide an illustration of the hypothesis that spatiality can enhance diversity along time, we performed the Sznajd dynamics described in Section III into Watts-Strogatz networks with varying rewiring probabilities ρ. The networks have 1089 nodes and a total of 4000 realizations were performed for each configuration (ρ). The diversity was quantified in terms of the exponential of the entropy of the opinions at a given time MCT. Since the asymptotic equilibrium state for all rewiring values is one, we focus attention on transient dynamics characterizing transient dynamics. Figure 1 illustrates the results (average ± standard deviation) obtained for the above described experiments. The resulting curves can be separated into two portions: the first extending from ρ = 0 to ρ ≈ 0.08, the second portion unfolds from this value up to ρ = 1. The first portion is characterized by steep reduction of the opinion diversity as well as of the respective standard deviation and, at ρ ≈ 0.08, it reaches null variation and minimal average diversity (green point). This region shows that, at least for the adopted models and configurations, the diversity reduces markedly with the loss of spatiality (as ρ increases). A possible explanation for this property is that the transient phase becomes briefer as the network looses spatiality through the rewiring procedure, as shown in the inset of Figure 1 . Also, a large standard deviation is observed for small values of ρ. The second region reveals a relatively small increase of diversity with the loss of spatiality, accompanied by a similar increase of the standard deviation of the diversity.
In short, we can postulate that in networks predominantly spatial (i.e. with little small world characteristic), the diversity tends to increase steeply with the spatiality. On the other hand, in small world networks such as those underlying the portion 2 of the results in Figure 1 , the diversity increases moderately with the rewiring probability.
V. CONCLUSIONS
One important property of dynamics unfolding on networks concerns the diversity or heterogeneity of the respective states. This type of characterization has direct implications on several real-world systems, such as variety of opinions, ecology, economy and transportation. The present work argues that the spatiality of networks can promote the diversity of respective dynamics. By performing simulations with a type of Sznajd dynamics and Watts-Strogatz networks with varying rewiring probabilities, we illustrated that the diversity is enhanced for networks that are predominantly spatial and reduces in networks characterized by more intense small world effect. The reported study has important implications for real-world complex systems, as it indicates that, by increasing the small-world property and consequently reducing the networks spatiality, enhanced connectivity can have the effect of constraining the diversity/heterogeneity of dynamical states in several systems. It also illustrates the fact that spatiality acts as a kind of constraint to information diffusion in dynamical complex systems. Additional investigations need to be performed in order to identify which classes of dynamics are more affected by spatiality and addressing in more depth the transient and equilibrium properties of these systems.
